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[. INTRODUCTION

Expenditures on transport in urban arcus have been the major explanatory var-
iables in spatial cconomic theories of the city.  In particular, they have been con-
sidered to be the key to the determination of rents, densitics, and land uses in the
city. The basic vbservations underlying the role of trunsport expenditures in the
determination of rents are that central locations in cities require low expenditures
on transport and command high rents, while peripheral locations require high ex-
penditures on transport and command lower rents.  In addition, densities are found
1o be high in arcas ol low transport expenditure and high rents, and low in areas of
high transport expenditure and low rents.  These observations have existed in the
gconomic literature for many years.  Recent work in the licld has been more con-
cerned with atlempling 1o integrate these observations into a consistent theory, with
the development of mathematical models of the urban fand market.  Most pro-
minent in this respect have been the works ol Alonso [1], Mills [8] [%], Muth [10}[I1],
and Wingo [14].  All of these models attempt to explain the spatial structure of the
cily from ¢conomic assumptions coupled with some representation of urban transport
expenditures. The economic assumptions made by these authors differ in several
important aspects, und will not be reviewed here.  In this paper we wish to focus on
their treatment of urban transport,

Clearly, all urban economists lay great stress on the Central Business District
(CBD). The tradition followed by these ecconomists is to assume that all employ-
ment is concentrated at a central location, which is usually represented as a point.
All travel is then assumed to terminate at this single employment center,  This
tradition owes its origin (o the theory of agricultural production proposed by von
Thiinen [12] in his “Isolated State,” first published in 1826. In the isolated statce,
alt goods uare sold at a single market center, distance from that market being a major
determinant of land rent.  The assumption of a single employment center has been
maintained by the urban economists in the face of increasing decentralization, and
a decline of the role of the central business district as the single focus of productive
activity. 1t has survived despite its increasing irrelevance because it produces
simplifications in the analysis and permits important results to be derived which
would he diflicull to oblain otherwise. I will be shown here that this assumption
leads 1o unrealistic conclusions about the spatial structure of citics.  Ultimately,
it must be rejected in order 1o remove inconsistencies from the theory.  The relax-

* The authors are associated with the Centre for Environmental Studies, London, England.
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ation of the assumption of a single employment center poses several problems.
When employment is distributed throughout the city the expenditure on travel to
work Itom a given residence is dependent on the choice of workpluce.  Our problem
is to determine a trunsport expenditure function, given a distribution of workplaces
and a representation of the transportation system.  This transport expenditure func-
tion must represent an average expenditure on travel to work, the average being
tuken over the distribution of workplaces corresponding to a given place of residence.

In this paper we derive this transport expenditure function and show that it
possesses Lhe properfies necessary Lo overcome the difficulties inherent in the view
of transport which has been postulated by the urban economists, It is important
fe note, however, that while the economists consider money spent on transport as
the variable determining the location of the houschold, we have adopted time ex-
penditures, rather than money expenditures, as the determining variable.  Since
our snalysis is restricted to car travel only, and duves not consider public transit,
Iravel time appears 1o be the best proxy for the variable portion of (ransport ex-
penditures.  All other expenditures associated with (ransport:  fuel, wear and
tear, effort and the like are closely related (o it, and should therefore be represenied
with sufficicnt precision by travel time. Throughout the analysis, therefore, our
reference (o transport expenditures will not distinguish hetween money expenditures
and time eapendilures.  Tna similar manner, cost and time will be used (nterchunge-
ably. The paper is divided into two parts, Tn the first part {Section 2), we pre-
sent the econamists” postulated structure of urban transport expenditures, and com-
pare it {in Section 3) willt our derived form of urban transport expenditures.  1n
the second part (Section 4), we discuss how this form was derived,  The discussion
of the derivation of the transport expenditure lunction will be condensed. It is
based in large part on a model of urban spatial interuction developed in a previous
paper; see Angel and Hyman {4].

This modcl is a continuous anulogue of the “maximum entropy” gravity model
derived by Wilson [13]. Its function is to allocaie commuters among workplaces
given information on the distribution of residences and workplaces, and (he spatial
separation between them. We present density functions for residences and work-
places of commuters and a velocity field, all calibrated for Greater Manchester in
1965.  The velocity field represents the transportation system of the city. 1t pro-
vides information on the cost of moving a unit distance at any lacation in ihe rity,
taking into account the variations in traflic conditions at different locations.  Then,
when travelis assumed to luke place on minimum time paths, we can obtaiin incasuics
of the travel time between any pair of points.  The subject of travel on minimum time
paths has been discussed in detail by Angel and llyman [3].  The transport expen-
diture function is then derived from the model as the average expenditure on com-
muting to work from a given location in the city, given the fact that residents al
that location distribule themselves amoeng many workplaces. It is important Lo
point out here that, while in the traditional economic analysis the transport ex-
penditure function is usually assumed to be given, and the distribution of residences
is to be derived, the situation in our case is reversed,  The distribution of residences
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is assumed to be given, and the transport expenditure function is derived as an
average expenditure of residents in a given area. This is a significant difference
which cannot be overlooked. While in the economists’ theories, transport expendi-
tures determine the overall location of residences, we consider the overall location
of residences to determine transport expenditures.  Clearly, there need be no incon-
sistencies belween these viewpoints and the integration of the two theories awaits
further developments.

The spatial framework of the analysis remains basically the same as that of the
urban economists, with onc important difference.  We have preserved the view of
the city as a continuous terrain with all quantities under discussion regarded as
functions of distance from a single center. To this extent we follow their tradition.
This assumption appears justificd by several observations which indicate the im-
portance of distance from the city center in the determination of urban spatial
structure. Mills [9; p. 238}, for example, quotes a study by Brigham [5] which
compared three accessibility measures by correlating them with land values in Los
Angeles. The three measures were airline distance to the CBD, roadway distance
to the nearest freeway exit, and some measure of employment potential (employ-
ment levels weighted by the inverse of the distances to employment centers),  Brig-
ham found these measures 1o be highly correlated with each other and that airline
distance to the CBD explained most of the variation in land values. When distance
from the center plays such an important role, even in a city as decentralized as
Los Angeles, we feel justified in retaining it as a major explanatory variable. The
assumption of radial symmetry and the display of all information as a function of
distance from the city center will be maintained throughout the analysis. How-
ever, we do not wish to retain the assumption that all employment is concentrated
in the CBD). 'Thus, while the subject of the economists’ discussion reduces to a single
line, our discussion must encompass the two-dimensional plane of the city. Travet
can now take place between any pair of points.  With this basic difference in mind,
we turn to the urban ecconomists’ view of transport expenditures,

2. A CRITIQUE OF THE URBAN ECONOMISTS’
VIEW OF TRANSPORT

Alonso, Mills, Muth, and Wingo are concerned with equilibrium in the city’s
Jand market. They all devote a major part of their work to the spatial structure of
the housing market. In deriving the optimum location of households, they consider
the substitutability of rent and transport. Households are willing to pay more for
rent when they have to pay less for transport, and less when they have to pay more
for transport.  Alonso, Muth, and Mills derive the equilibrium location of households
by equating marginal expenditures on rent and transport.  Mills deduces the form
of the urban rent gradient by equating the value of the marginal productivity of
land used for transport with land rent. Clearly, in all these models the form of the
transport expenditure function plays a crucial role. The different authors make
difTerent statements about it, although it can be shown that they all share very similar
views, Given that all these authors consider workplaces to be concentrated at a
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single point in the city center,' we can infer that commuting costs at the center
are zcro, since people living there do not have to spend anything on travel to work.
Furthermare, since ali destinations arc concentrated there, it is only natural to
assuine that commuting costs increase with distance from the cily center. The
latter assumption is stated clearly in all the works mentioncd above.

Mills, Muth, and Wingo further assume that commuting costs incresse at a
decreasing rate with distance from the city center.  This assumpltion s based on the
commaon observation that congestion in central areas reduces speeds and increases
casts per unit distance. To quote Mills [8; p. 204], “travel is inevitably siower in
denser, higher rent areas, cven in an optimum transportation system.” A similar
statement is made by Muth [i1; pp- 19-20].  “If anything, traffic generally moves
more rapidly at greater distances from the CBD; less time in transit is thus spent
per mile and vehicles, up to a point, operate at more cconomical speeds with less
stopping and starting. Therefore, 1 assume that the variable portion of transport
costs increases at a non-increasing rate with distance from the CBD o; any other
center of activity.”  Wingo [14; pp. 96-97] is more explicit and provides & more
strict form for the transport expenditure function.  *“We can summarize the technical
conditions by describing the common transportation function as in Figure 26
[reproduced in this paper in Figure 1], In this function FH we have assumed a con-
stant operating velocity represented by the constant slope FH, and an average
ingression loss, all of which occurs at the center, represented by OF.  An alternate
assumption would distribuie ingression losses throughout the system, yielding a
function such as OGH, which implics a decline in average velocity as one moves
from G into increasing congestion until the center is reached. It is the OGII type
of function which will be assumed hereafter,”  Wingo [14: p- 101] later remarks,
“The curve OGH is probably more representative of the transportation function as
generally experienced in urban areas.”

It cun be easily seen that the general form of the transport expenditure function
described by Wingo is implied in the analysis of the ofher economists.  Since all
workplaces have been assumed to be concentrated at the city center, it must have
a value of ze10 at ihe center.  ‘T'he people living and working at the center should
not be spending anything on bansport, It increases at a non-increasing rate,
since its gradient is the cost per unit distance, which is assumed to decrease with
distance from the center, It must also be asymptotic to a straight line with a

! Mills attemipts to avoid concentrating all workplaces in the city center and distributes some
workplaces throughout the city. However, oddly cnough, these workplaces where output is pro-
duced do not require commuter transportation.  Mills [9; p, 243] states that “the 1otal demand far
transportation at # (distance from the city center) is proportional to the output produced beyond
#. When oulput is goods, the assumption can be interpreted to mesn that u certain fraction of
goods is transparted to the city cenler.  When output is housing services, the assumplion can be
interpreted to medan that a certain amount ol commuter traffic is generated per houschold,”  Mills
appears Lo ignore the demand for fransporfation by commtiters who produce output outside the City
center.  He clearly assumes that ail destingtions are located at the cily center, although cutput is
produced throughout the city. From a transportation point of view, then, this assumption s
identical with that of Alonso and others.
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positive slope. This follows since velocities cannot increase indefimitely with
current transport technology and are therefore bounded (rom above. After u
certain distance from the city center, velocities must level off. Cost per unit dis-
tance must thereforc fevel off; hence the constant gradient. The gradient must
be stricily positive because the cost per unit distance cannot level off at zero.  There
is therefore always an additional cost 1o be accounted for when distance from the
center increases.

Xo

Time Spent in Journey to Work

Distance from Center

FIGURE 1. Wingo's Transport Expenditure Function

Wingo's form of the transport expenditure function can be taken as the form
implicit in the work of the other economists, being derived directly from their as-
sumptions. This form of the function is consistent with our observations using
Manchester data for car commuters in 1965, in the case where everyone is assumed
to be travelling on radial routes to the city center.  We have constructed a radially
symmetric velocity ficld for Greater Manchester, using car travel data for 1965,
see Angel and Hyman [2; pp. 212-213).  The velocity of travel at any given distance
from the city center was obtained by averaging the velocitics on a sample of road
links at that distance. A continuous curve was fitted to these values, This curve
is presented in Figure 2. It takes the form

VirY  24.9 — 16.9e7-% (1)

where r is measured in miles and ¥ in miles per hour. We compared travel times
on minimum routes in this velocity field (see discussion of minimum routes in
Section 4) with travel times on the road network using data from the SELNEC
(South East Lancashire-North East Chesire) Transportation Study;? see Angel and
Hyman [3]. We found these two sets of measurements to be highly correlated and

2 We (hank A, Tiawkins and M. Hammerstone of the Mathematical Advisory Unit of the
Ministry of Transport for their contiruous help in obtaining and interpreting the data.
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lying on a straight line with a slope of 0.74, We therefore multiplied the original
velocity ficld by a factor of (.74 to obtain a4 new velocity field :

V(r) . 18.5 12, §e0-00r 2)

The reciprocat of the velocity at any location, 1/¥(r), is the time il takes to travel
one mile al a distance # from the center. 1t is convenient to describe the information
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FIGURE 2. Average Velocity as a Function of Distance
fram Central Manchester, 1965

specificd in the velocity field by means of the travel cosi ficld, which measures the
lime per unit distance at any location. The total travel time along a path is the sum
of times sppnt traveising sinall disiances in the jocations through which the com-
muter travels.  VFor radial travel, therefore, the expenditures on (ravel to the city
center are obtained by integrating the travel cost ficld between the center and any
given location.  Expenditures on fransport to the center of Manchester are present-
ed in Figure 3. As cun be seen by comparing Figures 2 and 3, both curves share
the same propertics. Both are zero at ihe origin; both increase at a decreasing
rate; and both are asymptotic 10 a straight line with a positive gradient,

We now proceed to analyee the difliculties inherent in this form of the transport
expenditure function, and hence also in the assumption that all destinations are
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concentrated in the CBD. Wingo [14; p. 65] makes the critical assumption that
the sum of expenditures on rent and transport is fixed for any given houschold.
Muth [I1; p. 21} and Alonso [1; p. 25] deal with the total househeld budget, rather
than with a special budget for housing and transport. They postulate a composite
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FIGURE 3. Expenditures on Commuting to the Center of

Manchester as a Function of Distance of a Given
Residence from the Center, 1963

good which includes all goods purchased except housing (or land in the case of
Alonso) and transport and which has some given composite price. The household
in this case is assumed to make its location decision hy maximizing a utility function
which depends on the quantities of housing {or land) and other goods purchased,
subject 1o a houschold budget constraint. In mathematical notation, we maximize
U(g, z} subject to the budget constraint

y—=pz | prg b Lir) 3
where:
p(r) — price of a unit of housing (or land) at a distance r from the city center;
¢ == quantity of housing (or land) purchased;
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L{r}  expenditure on travel to the center for a houschold locating at #;
= = is the quantity of the composite good;
p. — price of 4 unit of the composite good.

A necessary condition for household cquilibrium is then

dL dp

r q dr )

where dp/dr and di.jdr are the rates of change of house prices and (ransport expendi-
tures with respect to distance from the city center.  This condition, which appears
in Muth [9; p. 22], Alonso [[; p. 24, Figure 4], and Mills [8; p. 205], requires that
the houschold cannot increase its real income by a change in location. [t states
that, for a given quantity of housing, the rate of change of housing expenditure
is of the same magnitude as the rate of change of transport expenditure, but with
the opposite sign,  Muth then argues that since transport expenditure increascs with
distance from the center, house prices miust decline wilh distunce, According to
Figures 2 and 3, the transport expenditure gradient approaches a strictly positive
value at lurge distances from the center.  If we now assume that the quantity of
housing purchased is bounded above, i.c., that people cannot buy infinitely large
houses, it follows that housc prices must decline at a rate bounded away from zero.
In other wards. it wonld appear that the house price or tho rent function should
approach a straight ling of strictly wegative slope.  From these condilions, we can
deduce that house prices or rents should becoine negalive at some disiance from ihe
cenler.  This conclusion is deduced directly from the first-order condition for
equilibrium stated in equation (4), and thercfore also applics Lo the analyses of Alonso
and Mills.* In the casc of the Wingo analysis, where the sum of expenditures on
rentt and transport is assumed 1o be fixed, the conclusion is similar.  Since transport
expenditures increase indefinitely, rents are bound to become ncgative at somg
point.

The oceurrence of negative rents is usually obscured by introducing a *city
limit™ into the economic analysis. Urban economists then restrict their attention
to the region within this limit, leaving the rest of the country to students of another
ticld.  Howewver, this now raises the problem of specifying the appropriate boundary
conditions.  In particular, we should not expect the house price gradient Lo change
abruptly at some arbitrary distance from the center, nor is there data to support
such a contention. I is more reasonable to expect house prices (o approach a
constant pasitive value.  This, however, would not be consistent with the cconomists'

# Muth [I1; p. 72] later modifies his analysis and assumes that transport expenditures ingrease
at a constant rate in order to derive a negative exponential house price gradient, This would imply
that transport expenditures must vary lincarly with distance from the cily center.  Singe all Johs
are located al the CBD, according to his analysis, travel cost must be 7ero at the center,  IF we
assume that the gradient of the transport expenditure function iy pasilive, rents become negative
at large distances from the center. [t must follow that the gradient of the transport expenditure
funciion is zero and hence that transport expenditures would be zero everywhere.  In the light of
these criticisms, Muth's derivation of the negative exponential house price function requires some
revision.
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transport expenditure function, because it would require the lulier to approach a
positive constunt. 1T the transport expenditure function is to approach a constant
at large distances from the city center. we must abandon the requirement that all
destinations are concentrated at the CBIY, At large distances from the CBD the
price of housing or land must be unrelated (o the cost ol travelling to the ity center.

3. THLE TRANSPORT EXPENDITURE FUNCTION

1 appears that the economic analysis of cities which requires that all workplaces
be located in the C'BI1Y leads (o unrealistic conclusions about the structures of rents
and house prices.  We must therefore reject the assumption that all workplaces
are located in the CBI and consider a distribution of jobs over the entire city.
With such a distribution, it becomes possible 1o obtain a more realistic transpori
expenditure function. In particular, a person residing at a distant location could
obtain employment close to his place of residence, and is therefore not required Lo
bear the large transporl expenditure involved in commuting to the CBD.  When
this is the case, transport expenditures no longer increase indefinitely with distance
from the center. ‘They flatlen out as the distance from the center increases, and
reach & maximum value of expenditure on transport.  With a distribution ol jobs,
transport expenditures are not unigquely determined at each distance (rom the city
center.  Since people work everywhere, transport expenditures at a given location
can only he determined as an average expenditure for people living there and
working in various destinations throughout the city,  When t(hese expenditures are
averaged over many workplaces, they are no longer zero al the city center.  Ex-
penditures on travel (o work [rom the cenler are obtained by averaging expenditures
for people living in the center and working throughout the ¢ity, and can no longer
be taken as negligible. Furthermore, when the analysis is restricted to car travel,
1o the exclusion of public transport, central locations are not necessarily localions
ol leasl transporl expenditures, as in the preceding economic analysis, Given
that people living in the center must travel through congested areas on their way
to work, it is no longer necessarily true that central locations are most accessible
1o jobs,

All of these properties are exhibited in the transport expenditure function
derived for Manchester in 1965, This funetion was derived, as staled earlier, by
taking as piven the distribution of residences and workplaces of car commuters in
Greater Manchester, and by allocating commuters between residences and work-
places in accordance with a continuous trip-distribution model.  This model allo-
cates commuiers ltving al a given location to workplaces in proportion to the density
of residents in the given location, the density of jobs at the workplace, the relative
accessibilities of these locutions to jobs and residences, respectively, and some
measure of the cost of overcoming the distance separaling them.  We then obtain
the transporl expenditure function by averaging the transport expenditures of com-
muters from a given place of residence.  Figure 4 illustrates the transport expenditure
function for Greater Manchesier, 1965, The vertical axis represents commuting
costs, measured in our case in minutes. The horizontal axis represents distance
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from the city center.

As can be seen from Figure 4, proceeding outwards from the city center, trans-
port expenditures decrease for the first half mile from about 9.5 minuotes to about
8.8 minutes. This effect is associated with congestion in the central area, since it
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FIGURE 4. Transport Expenditures as a Function of Distance of
Residence from Central Manchester, 1965

did not appear when average transport expenditures were derived for a uniform
travel cost field.  Transport expenditures then increase, at an increasing rate, until
they reach a point of inflection at about 4.5 mites out.  They subsequently increase
at & deereasing rate to reach a value of about 20 minutes at a distance of 14 miles
from the center. Transport expenditures then level out and remain at this value
for the rest of the range.  The latier olfecl i probably due 0 the predominance
of local jobs at large distances from the center. N is also important to note thal
transport expendiiures in general ure lar lower than those presented earlier (Figure
3) when only radial (ravel Lo the city center is considered.  This can be casily seen
by comparing Figures 3 and 4, which are drawn at the samce scale.  The laiter is
markedly shallower. 1t must follow, theretore, that the assumption that com-
muters all travel to the CBD overestimates their cxpenditures on transpert,  This
can be best illustrated by comparing transport expenditures for people who ac-
tually work in the CBD with those who work elsewhere.  Such a comparisan is
shown in Figure 5 which exhibits the expenditures on transport tor people working
at a given distance from the city center.

As can he seen from Figure §, within most of the urban arca, those car com-
muters wha work in the city center spend most on travel to work. FExpendilures
on travel to work decline steadily for more suburban workplaces and reach a mini-
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mum at a distance of approximately seven miles from the center.  Employees
working al these distances spend least, on average, on commuting. Jobs located
further out require higher expenditures on transport, and the function did not seem
to level out within the range of study. Clearly, then, the economists’ assumption
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FIGURE 5. Transport Expenditures as a Function of Distance of
Workplace from Central Manchester, 1965

that jobs are concentrated at the center considerably overestimates the amount of
time or money spent on commuting.  Maost people will have smalfer expendilures
on commuting than those postulated by the economists.  We must therefore con-
clude that the economists will inevitably attribule more 1o the effects of transport
expenditures on rent and location than is, in fact, attributable to them when a dis-
tribution of jobs throughout the urban region is taken inte account.*

We return to Lhe transport expenditure function exhibited in Figure 4. The
function possesses the correct propertics at Jarge distances from the center, as it
reaches a maximum and does not go on increasing indefinitely.  Near the center,
within the first half-mile range. it docs not agree with (he economists’ assumptiens
because it is decreasing rather than increasing there. I we assume that rents arc
at & maximum in the city center, duc to competition from commercial and other
uses which require more central locations, then the necessary condition for household

¢ The high cost of commuting Lo the center gives us an indication of the forces of decentralization
at work in modern cities.  From the point of view of the lubor force, savings accrue when jobs can
be found away from the city center.  We must therefore expect the nuinber of vacuncies in centrul
areas Lo be higher and the wages offered to be higher than thase in outlying locations. At large
distances from 1he center, workplaces again require large expenditures on commuting. However,
in this case, employces must come from distant locations because of Lhe low density of the popula-
tion,
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equilibrium, equation (4), is not satisfied in this range. In this range, both rents
and transport expenditures have ncgative gradients. We must conclude, then,
that no household would locate within this range. Remembering that we have
restricted our analysis to car users, we can rephrase this prediction by saying that
no resident living within this range would commute to work by car. This predic-
tion is clearly borne out by our obscrvations in Manchester.  There are no car com-
muters within this distance from the center.  This is illustrated later by the gamma
distribution fitted for residences of car commuters (Figure 5) which has the property
that the density of residents al the center is zero. At large distances from the center,
if this equilibrium condition is to be satisticd, we should expect the rent gradient to
level out when the transport gradient evels out. We have no a priori reason,
however, to expect it to level off at zero, as in the negative exponential function
derived in Muth [11] and Mills [9].

The derived transport expenditure function thus differs from the function postu-
lated by the urban economists in several important ways. It is positive, rather than
rero, at the origin. It decreases for a short range near tho origin, rather than in-
creasing everywhere. It generally increases at a slower rate,  Its slope first increases
then decreases over the range, rather than being non-increasing cverywhere. And
finally, the function approaches a constant value rather than increasing indefinitely,
All of these properties can be justified on quite simple grounds and are consistent
wilh the observations. It appears, therefore, that future analysis would have to
consider a more appropriate form of the transport expenditure function than that
postulated and used by the urban economists.  In the following section, we elaborate
on the derivation of the function presented above from empirical data on densitics
and traffic conditivns, using a continuous model for the distribution of trips among
residences and workplaces.

4. THE DERIVATION OF THE FUNCTION FROM A MODEL
OF SPATIAL INTERACTION

A transpoert expenditure function which reflecis a more realistic picture of mod-
crn urban areas needs to be derived as an average of the amount of lime that
commuters spend on travel {from a given place of residence. Since these com-
muters work everywhere in the city we need some procedure which will disiribute
them among the different workplaces in a realistic manner. Roughly speaking,
this procedure must utitizc information on the availability of jobs and their relative
accessibility to the commuter’s residence.  One such procedure, the trip distribu-
tion model, has been used extensively in modern iransportation studies. The
role of the trip distribution model is to predict the number of trips between the dif-
ferent locations in the city. What is required is an estimate of the number of
commuler residences in cach area, the number of jobs in cach area, and a measure
of the spatial separation between each pair of areas, in our case the travel time. The
main difference between this type of analysis and the economic analysis discussed
above is that here the distribution of residences is assumed to be given in advance
and is not derived us a result. It is required in order to derive a morc realistic
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distribution of trips, taking into account that commuters compete with each other
for jobs. It is possible, however, to derive a simpler distribution model where only
the distribution of workplaces is specified. In this case, we would have (o employ
some measure of attraction of places. This type of model has been employed by
Lowry [7] to distribute the urban population among residences.  In the forcgoing
analysis, we assume that the distribution of residences has been determined. We
follow the approach of Wilson [13] who derived a trip distribution model of the type
required by alse assuming that the average transport expenditure in the entire urban
area had been determined.

Wilson poses the following problem: given the above information, what is
the most probable distribution of trips? He then derives a most probable distribu-
lion by maximizing the entropy of the distribution subject to the following con-
siraints: trips leaving an arca must sum up to the number of origins (residences
of commuters) in that area; trips arriving at an arca must sum up to the number of
destinations (workplaces) there; and the sum of all transport expenditures must
equal the total budget for transportation.  Wilson has formulated this medel in
the context of transportation studies which invariably usc a set of discrete zones
as a framework tor analysis. We retain here the view of the city as a continuous
terrain with jobs and residences given as distributions over geographic space. It
is thercfore necessary 1o derive a continuous analog of this model.  Such a model
has been developed by Angel and Hyman [4], und a program was written for calibrat-
ing the model using Manchester data,®  Weo now briefly present this model.

Restricting the analysis o radially symmetric cities, we define the origin density
function, O(r)), as the number of trips (in our case car trips} originating in a unit
arca aboul a point #, miles away from the city center. Similurly, we define the
destination density function, D{r), as the number of trips terminating n a unit
area r, miles from the city center.  We now detine the trip density function, (e,
8., ra. 1), a8 the number of trips from a unit area around the point (ry, #;) 1o a unit
area around the point (r,, ), vsing a polar coordinate system (r, #). The travel
time between this pair of points will be denoted by ¢(r,, &, ry, 1.}, Given these
definitions we can now write the continuous analog of Wilson’s maximum entropy
model. Maximize the entropy

H— - SS S xSI Tr, #, ra, 0 In T, B, s, 3)rrodf dfodr dr, (5)

(]
subject to the following constraints:
The total number of trips from a unit arca at {r,, #,) 1o all other areas must be the
density of origins there, that is,

1
S S T(ry. 0., #3, B)racdlioelr, = O(ry) forall v, 0, . (6}
nJo

Similarly, the total number of trips originating in the entire city and terminating
in a vnit area at {ry, #,) is the density of destinations there, that is,

¢ The program is described in full in Angel and Hyman [4; Appendix 4].
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o v g
§ S T, 0, ry, B)rd8\dry — Diry)  forall 7y, 8, . N

a

Finally, the total expenditure on transport in the city is the product of the average
expenditure, £, and the total number of trips, 7, in the system, that is,

S § S S T, 81y P 030001, O 12, O,y — T )
¢ Ja J

[ |

The solution to this maximization problem can be obtained using calculus of varia-
tions methods. Tt yiclds a trip density function of the form®

Tir, f,ry, B — ACr ) B(r}OCr Y X ry)e fHmeirn far Ch

The constraints {6) and (7) can now he rewritten as

A{Ir |~ Si ' Blrayidry)e "Orefurn e i) e (10)
1 W
and
] L
Bir) E S Al O e "0 s i de (11)
] [{] (1]

Equations {10) and (1 1), togcther with constraint (8}, can now be used to obtain the
forms for the balancing factors 4(r,) und B(r,), us functions of distance from Lhe city
center, and the value of the parameter . using numerical methods tor miegriation
and iterative techniques for solving the equations simultaneously.

The trip density function thus obtained is proportional to a measure of separa-
tion between the (wo locations, e “07v"1*0% This means that the number of
trips falls off at a negative exponential rate as the cost of travel between the points
mereases.  When g is large, trips fall ol at o rapid rae and people do not commuie
very far. . When g is small, trips [all off slowly and people (ravel greater distances.
The value of g is heavily dependent on the average expenditure on transport in the
system, £, When 7 is small, people do not travel far and s large. When il is
large. peaple travel further and g is small.  The trip density function is also reluted
to the density of origins and destinations at the cnd points.  When (here are more
residences at a given area or more workplaces at (he other end, we can expecl more
trips 1o take place between the twe arcas.  The balancing Factors, A(ry) and 8(ry),
are functions of location which are associated with accessibility. The reciprocal
of the balancing factor for origins, 1/A4(r), is interpreted as the relative accessibility
to job opportunitics at a location », miles from the city center.  From equation
{10) it can be seen to be large when (here are many jobs in proximity 1o the location
al rpand, sinee il is proportional to the other hala neing factor, #(r,), it is dlso related
hy equation {11} to the number of residences of commuters caompeting for these jobs
in the vicinity of 7. The term 1/4(r,) will therefore be large where there are many
potential jobs, and not many residents competing for them. By a similar argument,
the reciprocal of the balancing factor for destinations, I/Bir), is a measure of the

6 rhe pfunf' of this result appears in Angel and Hymun (4; Appendix t].
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relative accessibility to residents of a given workplace at ry. It will be large where
there are many residents and few workplaces.

The solution of the model cquations makes it possible to derive the transpori
expenditures ut any location, The transport expenditure, f(r), at a distance r,
from the center, is the average expenditure of the residents in a small area there on
fransport. It is obtained by summing up the costs of individual trips and dividing
this sum by the otal number of residents there:

E(r) =

L LS
S S S T(ry, Oy, 1oy BN, Ove o, Oy)rocllh 0l (12)
[+]

¢ Jo

O(r,)

The form of the function E(r), Lhe transport expenditure function, derived for
Greater Manchester 1965, was presented in Figure 4. In a similar manner, we can
obtain the work-based transport expenditure, W(r,), as the average expenditure on
transport for people working in a given location at a distance r; [rom the city
center:

W) V1L L, T 0o o 0, By, O, (13)
Dra) Jo o Jo

The form of this function, derived for Greater Manchester 1965, was presented
in Figure 5. To complete the picture, we must now deal with the data inputs used
in deriving these functions.  As stated earlier, the trip distribution model utilizes
two basic forms of inputs: the distributions of residences and jobs of commuters;
and a measure of separation between every pair of points, here taken to be the time
of travel, #(r), #., ra, ). In this particular model we also require @ given average
expenditure on transport, 7. Empirical data for these werc oblained from the
SELNEC {South East Lancashire—Nerth East Chesire) Transportation Study.
We have chosen 1o represent these as radially symmetric functions, as is commaon
practice in the urhan geographic literature. However, while truditional analyses
often employ the negative exponential form of describing urban densities, see
Clark [6], we have found this form to be inappropriate for describing our data
adequately. In the case of residential densities, the fit was worst near the cily
center, where there are hardly any residences.  In the case of workplaces, we have
found that the density declines more rapidly than the exponential.  In both cases,
we have obtained a hetier fit with a gamma distribution, having a density function
of the form

d(ry — arte (14}

where d(r) is the density at a distance r from the center, and 4, b, and ¢ are para-
meters to be estimated from the data. In the case of residences, the parameter
b takes a positive value; in the case of workplaces it takes on a negative one.  Hav-
ing chosen the gamma distribution as our maodel, we have obtained maximum
likelihood estimatcs for the parameters «, b, and ¢ for both densities. The resulting
density functions are

(J(r) - ] I 64-‘.“""‘23_0' 430 { l 5)
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for origins, and
D(r) J— 46??;. U.!Ble-l.l.ﬂl!r {Iﬁ)
for destinations,
Figure 5 illustrates the density function for origins of commuters for the

Greater Manchester area in 1965, in isometric form.  Figure 7 illustrates the cor-
responding density function for workplaces. The cost of travel between any two

IFIGURL 6. Density of Residences of Car Commuters in
Greater Manchester, 1965

points was obtained from the velocity ficld, V{r), for Manchester which was presented
earlier.  Bul, while carlter il was only applied Lo radial travel, we use it in the
goneral case for deriving the expenditure on travel between any two points. We
define the cost field as a surface lying above the urban planc such that the height
of the surface at each location is the time spent travelling a unit distance there.
The two dimensional representation of the cost field for Manchester in 1965 appears
in isnmetric form in Figure 8. 1f the velocity field were uniform everywhere, the
total expenditure on a journey would be proportional Lo its length, that is

E--:s (7

where 1/ s the cost per unit distance and s the total length of the journey. This
equation suggests that we could define & vehicle-mile us a unit of transportation,
where 1/V specified its price and s the number of units consumed.  In commuting,
wherce fravel cost is no longer uniform, due to congestion, the marginal expenditure
of a commuter at a point on his journey to work is the price he pays for consuming
a unit of transportation there, namely,

dE |

TV (18)
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The latter can be recognized as the dillerential equation of motion. At any location,
the price that the consumer pays will be determined by the interaction between the
demand for using the transportation system and the supply of transportation flacili-
ties there. The individual is thus faced with a price which is determined by conmpeti-
tion, Where many commuters compete for hmited road space, the cost per unit

FIGURE 7. Density of Workplaces of Car Commuters in
Greater Manchester, 19635

distance is high: where fewer compele, the cost per unit distance is lower.  How-
ever, each individual commuter travelling through an arca cannot sigmificantly
affect the cost per unit distance at that location.

The total expenditure on travel along a given path P between 1wo points s
given by the path integral under the cost field, Tt cquals the vertical arca between
the surface and the path P traversed in the urban plane.  Any pair of paints ¢an
be connected with many different paths. There is, however, one path which mini-
mizes the total expenditure on travel between them. If we assume that the com-
muter will choose this path, we can determine how much he will spend on commuting
between these points,  This expenditure equals the minimal area between the cost
field and the puth traversed. A soap film, for example, will naturally form this
minimal area when the surface and the plune, connected by two vertical chords at
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the end points, are dipped into a soap solution. A numerical solution to this problem
has been obtained using the calculus of variations, and is described in detail by
Angel and Hyman |3]. Finally, the average expendilure on travel in Manchester
was given as 14.7 minules. Given these data, then, it was possible o derive the

FIGURE 8. Cost Field for Greater Manchester, 1965

form for the transport expenditure function. The effect of changes in the model
parameiers on the transport expenditure lunction merits lurther study and this
has not been attempted here. We have satisfied oursclves, therefore, with the dis-
cussion of its general properties, rather than with the specific values obiained,
It 1s our hope that this discussion will shed some light on the role ol transport ex-
penditures in studies of urban spatial siructyre.
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